Instanton and wormhole solutions are constructed in a d-dimensional gravity theory with an axion-dilaton pair of scalar fields. We discuss the cases of vanishing, positive and negative cosmological constant. *
Introduction
Wormholes may have relevance to many interesting questions in quantum gravity. For instance, in the past it has been argued that they can play role in the renormalisation of the coupling constants in nature, topological fluctuations, quantum decoherence, the question of the vanishing of the cosmological constant and creation of baby universes (see for example [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ).
Instanton solutions in supergravity theories can be responsible for non-perturbative effects in string theories. For example the D-instanton solution of type IIB supergravity found in [13] induces higher derivative non-perturbative corrections of the IIB action [14] .
Supergravity solutions corresponding to Euclidean wrapped branes were found in [15] [16] [17] [18] .
Axionic wormholes in four dimensions were first considered in [9] , where a system consisting of an axion, described by a rank three antisymmetric tensor, coupled to gravity was considered. The case of string theory was considered in [12, 19] where in addition to the axion one also includes a massless dilaton. The solutions are characterized by an integration constant and instanton solutions are extremal in the sense that the integration constant vanishes and some of the (Euclidean) supersymmetry is preserved, whereas wormholes are non-extremal and supersymmetry is broken [20] .
In semi-classical quantum gravity, the action of an Euclidean wormhole solution is related to the weight for the insertion of wormhole operators in the path integral (or the rate of baby universe production). For stringy wormholes it was found [12, 19] that the existence of non-singular solutions with finite action depended on the details of the coupling of the dilaton to the axion. In particular for axion-dilaton systems arising from string theory compactification there are no finite action wormholes. However, it was argued that instantons could still contribute when dilaton acquires mass due to supersymmetry breaking. Generalization of axionic instantons to the case of a positive cosmological constant was later obtained in [21, 22] .
In this paper we study instantons and wormholes for an axion-dilaton system in d dimensions and obtain a formula for critical values for couplings below which non-singular solutions do exist. We will first consider the Minkowski case and thus obtain generalizations of the known results in four dimensions to an arbitrary d-dimensional space. Our main result is the study of instantons and wormholes in de Sitter and Anti-de Sitter spaces.
Axion-Dilaton gravity
We start our analysis by considering the theory of d-dimensional gravity coupled to an axion-dilaton system. We will find generalizations of the results of [12, 19] to arbitrary dimensions. For Minkowski signature, the action we consider is given by
The potential V will not depend on the axion χ since we assume an exact shift symmetry
The value of b is determined by the particular theory one considers 1 . In d dimensions the axion χ can be dualized to a d − 1 form field strength
The dualized action takes the form
In this form the continuation to Euclidean signature is not problematic [13, 14, 23] . However the dualization and analytic continuation to Euclidean signature do not commute.
This leads to the fact that upon continuation to Euclidean space and dualization the kinetic term for the axion χ changes sign
In addition to the bulk term (2.3) there is a boundary term in the action which is important for the proper definition of the variational principle and also for the calculation of the action [12] [13] [14] 19] . The boundary term is given by
where K is the intrinsic curvature on the boundary. The Euclidean equations of motion derived from (2.3) are given by
In the following we will only consider a potential independent of φ corresponding to a cosmological constant V = Λ. We are also interested in the most symmetric instanton and wormhole solutions and so we shall consider the following O(d) invariant ansatz for the metric
where dΩ In addition we demand that the dilaton φ and axion χ depend only on the radial coordinate r.
One could imagine an ansatz where the sphere metric dΩ For the ansatz (2.8), the equation of motion for the axion gives
which implies a first-order differential equation for the axion field given by
Upon using (2.10), we obtain from the gravitational equations of motion (2.7)
where we have used
Also, upon using (2.10) and our metric ansatz, the dilaton equation of motion becomes
It follows from (2.13) that there exists an integral
where c is a constant of integration. Using this integral, the gravitational equations of motion (2.11) give
Equation (2.15) can be integrated to find a(r) and (2.14) can then be solved to find φ(r).
The detailed properties of these solutions will depend on the choice of Λ and c. 
Instantons
For c = 0, (2.15) can be solved and one finds the three solutions corresponding to flat, de
Sitter and anti-de Sitter space respectively.
If c = 0 in (2.14), the solution of the dilaton is of the form
(3.4)
Flat space
For Λ = 0, the metric (in the Einstein frame) is flat space. The dilaton (3.4) is then given by
where φ ∞ is the value of the dilaton at infinity. The fact that the equations of motion are equivalent to a first order equation is a hint that this solution is related to a Killing spinor equation. This implies that in a supergravity theory these solutions are BPS and preserve some supersymmetry. We also note that the dilaton diverges as r → 0. However the action (2.4) of the instanton is finite and solely given by a contribution from infinity
Such instantons are responsible for non-perturbative effects. The broken supersymmetries are related to fermionic zero modes and integration over fermionic zero modes induces higher dimensional terms in the effective action. Such terms are weighted by the instanton action (3.6). Often such effects can be attributed to Euclidean wrapped branes or Dinstantons [15] [16] [17] [18] .
Anti-de Sitter space
In this case the dilaton solution for the instanton in AdS space is given by
The behavior of the instanton is very similar to the one of flat space, in particular the action of the instanton is again given by a boundary term
In the calculation of the action of the above Euclidean gravitational instantons, one has to include the contribution of the gravitational action which diverges because of the infinite volume of AdS. To render the action finite one needs to employ the counterterms subtraction method which was proposed for computing the boundary stress tensor associated with a gravitating system [24, 25] . The appearance of the logarithmically divergent contributions has a physical meaning 2 . They are related to the conformal anomaly of the dual field theory living on the boundary. In some sense the AdS/CFT correspondence relates the infinite volume singularity in the AdS to the UV divergence in the CFT.
This regularization is independent of the presence of an instanton and the instanton (q dependent) part of the action is given by (3.8).
de Sitter space
In this case the dilaton solution for the instanton in dS space is given by φ ranges between 0 and +∞ , the dilaton must become singular and therefore instantons do not exist in de Sitter space.
Wormholes
If c = 0 the equations become more complicated. As we shall see solutions in this case correspond to wormholes. This means that the metric factor a(r) reaches a minimal value a 0 > 0 where ∂ r a(r) = 0, defining the neck of the wormhole. Here
Hence there is a sphere of non-zero minimal size. Such an Euclidean configuration can be continued to Minkowski space, where the minimal sphere becomes a 'baby universe'. The
Euclidean wormhole is the bounce for the creation of such baby universes. Alternatively, one can glue a second copy of the wormhole onto the sphere giving a tunneling event between two asymptotic spaces. The dilaton can be determined from (2.14) and we get dφ
In the following we will solve these equations for all possible values of Λ and c.
Flat space
For Λ = 0, the space will be asymptotically flat. Recall from (2.15) that
If c < 0, one has a minimal size sphere at a 0 =
, where ∂ r a = 0. This is the neck of the wormhole, connecting two asymptotically flat regions, located at r → ±∞.
Integrating the φ equation (2.14) gives
where we have defined 
(4.6)
As one approaches the neck of the wormhole (a → a 0 ), the argument of the arcsin on right hand side of (4.6) becomes one. The dilaton should be regular on the neck. This implies that there is a 'critical value' b c of the dilaton coupling and for non-singular solutions we must have
Note that the integration constant c does not appear in (4.7). The Euclidean action of the wormhole is still given by a boundary term only, however in contrast to the instanton case the region of the neck of the wormhole does contribute.
In order to have a positive wormhole action (4.8) and a smooth limit to the instanton solution as |c| → 0 we have to choose the plus sign in (4.6).
Here φ 0 is the value of the dilaton at the neck and is given by sin arcsin |c|
. 
Anti de Sitter space
For c < 0, the existence of the integral (2.14) implies the relation 
de Sitter space
In this section we will consider wormholes solutions for de Sitter spaces, i.e., for the case of positive cosmological constant. In this case the equation of the metric takes the form
The instanton for which c = 0 was discussed in section 3.3. For c = 0, the dilaton is determined by the integral dφ q 2 e −bφ + c = ± da then we have two real zeros given by
The solution for the dilaton is given by
where φ → φ ± as a → a ± . Note that a non-singular dilaton configuration is only possible The Euclidean solution has two finite size spheres and would furnish as the appropriate bounce for a creation of a baby universe in dS space. On the other hand a wormhole with opposite axion charge could be glued onto the first one. As pointed out in [12] , the dilaton makes this impossible since it would have to have vanishing derivative at both necks in order to be continuous. This is only possible if the dilaton becomes singular.
Now for c > 0, there is only one value of a where ∂ r a = 0, 
Axionic Solutions
The case of b = 0 is special since then there is no coupling of the axion to the dilaton and the dilaton can be consistently set to zero. The axion is still given by the equation
The role of the integration constant c is now simply played by −q 2 . The gravitational equations are equivalent to (∂ r a)
Here it is useful to perform a change of variable r ′ = a(r), and we obtain for the metric
In these coordinates (5.1) can be solved
The integral (5.4) is very similar to the ones discussed in the previous section. For Λ = 0 the solution is 
Discussion
In this paper we have discussed instanton and wormhole solutions in axion-dilaton gravity theories. Such theories are abundant in string theories and supergravities in various dimensions. Instanton solutions exist for flat and AdS spaces in arbitrary dimensions, however in dS space there are no non-singular instanton solutions.
The existence of wormholes depends on the dimensionality of spacetime and the dilaton coupling constant b. There is a critical value b c above which the instanton solution becomes singular and has an infinite action. Wormholes induce non-local interactions in the theory and there may be a connection between wormholes and non-local string theories found in [26, 27] . It would be interesting to see whether one can find an example in string theory where b is in the range where non-singular wormholes exist.
In certain theories (e.g. in gauged supergravities), the dilaton can acquire a non-trivial potential, and it is not possible to find a simple integral like (2.14) which allowed for the decoupling of the metric and dilaton equations. Hence the equations in these cases are considerably more complicated. However it may be possible to find first order differential equations as in the case for domain walls [28, 29] . Also it might be interesting to study these equations further and in particular investigate whether it is possible to stabilize the dilaton and get wormhole solutions which are more like axionic ones. We hope to report on these issues in a future publication.
